We study the optical properties of Weyl semimetal (WSM) in a model which features, in addition to the usual term describing isolated Dirac cones proportional to the Fermi velocity vF , a gap term m and a Zeeman spin-splitting term b with broken time reversal symmetry. Transport is treated within Kubo formalism and particular attention is payed to the modifications that result from a finite m and b. We consider how these modifications change when a finite residual scattering rate Γ is included. For Γ < m the A.C. conductivity as a function of photon energy Ω continues to display the two quasilinear energy regions of the clean limit for Ω below the onset of the second electronic band which is gapped at (m + b). For Γ of the order m little trace of two distinct linear energy scales remain and the optical response has evolved towards that for m = b = 0. Although some quantitative differences remain there are no qualitative differences. The magnitude of the D.C. conductivity σ DC (T = 0) at zero temperature (T = 0) and chemical potential (µ = 0) is altered. While it remains proportional to Γ it becomes inversely dependent on an effective Fermi velocity out of the Weyl nodes equal to v * F = vF √ b 2 − m 2 /b which decreases strongly as the phase boundary between Weyl semimetal and gapped Dirac phase (GDSM) is approached at b = m. The leading term in the approach to σ DC (T = 0) for finite T /Γ, µ/Γ and Ω/Γ is found to be quadratic. The coefficient of these corrections tracks closely the b/m dependence of the µ = T = Ω = 0 limit with differences largest near to the WSM-GDSM boundary.
I. INTRODUCTION
By breaking time reversal symmetry a degenerate pair of Dirac mode with linear dispersion curves can be split into a pair of Weyl nodes [1] [2] [3] [4] [5] displaced in momentum space. This displacement determines the Hall conductivity 4 in units of e 2 / . The Weyl points have opposite chirality and non trivial topology and Berry curvature 6 which can play an important role in D.C. transport, in optical properties [7] [8] [9] [10] [11] as well as on other properties 12, 13 and their surfaces feature Fermi arcs 14 . Examples of experimentally known Weyl semimetals are TaAs and TaP [15] [16] [17] [18] . The A.C. optical conductivity in TaAs 19 has revealed the expected linear dependence of its interband background in photon energy and a T 2 dependence of its Drude optical spectral weight. More recently the idea of type II Weyl semimetals with tilted Dirac cones has been introduced 20 . These have distinct optical optical features 21, 22 . There is evidence for their existence in TaIrTe 4 23 . Here we will limit our discussion to the A.C. optical and D.C. transport properties of a Weyl semimetal without tilt but in a model which contains in addition to a Weyl phase, a gapped Dirac phase.
Our calculations are based on a 4 × 4 matrix continuum low energy Hamiltonian which has often been utilized in the literature 4, 11, 12 to model Weyl semimetals. There are three parameters, the carrier Fermi velocity ( v F ), a gap(m) and a Zeeman splitting field(b). The carrier dispersion curves have two branches denoted by s ′ = ± and each branch has both a valence (s = −1) and conduction(s = 1) band. The carrier energy ǫ ss ′ (k) as a function of momentum k reduce to two identical copies of the simple isotropic Dirac dispersion ǫ ss ′ (k) = sv F |k| In this paper we start with an expression for the absorptive part of the longitudinal dynamic optical conductivity σ xx (T, Ω), a function of temperature T and photon energy ω based on our model Hamiltonian and an associated Kubo formula. From previous works [7] [8] [9] [10] it is known that details of the model used to treat disorder can significantly affect the optical response. For example in references (7 and 10) in the case of the simplest Dirac cone with m = b = 0 and electron dispersion ǫ ss ′ (k) = sv F |k|, three models of residual impurity scattering rates were employed. The simplest was a constant rate Γ, the second weak scattering in Born approximation for which Γ is proportional to energy squared (ω 2 ) and charged impurities with Γ inversely proportional to ω 2 . The aim of the present study is to provide a first understanding of any essential difference introduced in optics and D.C. transport when a finite gap m and Zeeman term b are introduced in the Hamiltonian. For this purpose it is sufficient to use the simplest constant Γ model. This is consistent with work of Holder et. al. 24 who argue that the density of state at the Weyl point is always finite. In section II we present the necessary formalism and give results for the optical conductivity at T = 0 as a function of the photon energy Ω for various well chosen values of b/m, Γ and chemical potential µ. In section III we derive simple analytic algebraic expressions for the D.C. conductivity σ D.C. at T = µ = 0 (charge neutrality) and find that, the known formula 10 for the m = b = 0 case which finds σ D.C. to be directly proportional to Γ and inversely proportional to the Fermi velocity v F still holds but v F to be replaced by the effective Fermi velocity v * F at the Weyl nodes which is, for
The linear in Γ and inversely proportional to v * 33 . It does not occur however for isotropic s-wave gap symmetry even when there is anisotropy but no zero 34 . It does however arise in the underdoped regime of the cuprate 35 superconductors where a pseudogap emerges which effectively provides an important energy dependence to the underlying normal state density of state 36 . Other related works can be found in the literature [37] [38] [39] . In section-IV we consider leading order corrections to σ D.C. min due to finite temperature and chemical potential. Both corrections are found to be quadratic in T /Γ and µ/Γ. Section V deals with the finite Ω approach which is also of order (Ω/Γ) 2 . A summary and conclusions appear in section-VI.
II. FORMALISM AND T = 0 OPTICAL CONDUCTIVITY
We consider the 4 × 4 matrix continuum Hamiltonian of the formĤ
used before by Koshino and Hizbullah 12 to discuss magnetization and Tabert and Carbotte 11 who considered the A.C. optical conductivity in clean limit. In Eq. (1) v F is the Fermi velocity, m is a mass and b describes an intrinsic Zeeman field characteristic of a magnetic which breaks time reversal symmetry. Besides these three material dependent parameters (τ x ,τ y ,τ z ) are a set of 2 × 2 Pauli matrices related to pseudospin while (σ x ,σ y ,σ z ) are a second set related to electron spin. Finally k is momentum. There are 4 bands of which two are conduction bands and two are valence bands with the two branches denoted by s ′ = ±. The dispersion curves
with s = ±, the plus gives the conduction and the minus the valence band associated with the branch s ′ = ±. If we normalize momentum k by m, in terms ofk = k/m we have
(3) In the appendix we provide expressions for the interband background σ IB (T = 0, Ω) and σ D (T = 0, Ω) valid for finite photon energy Ω at zero temperature and constant residual scattering Γ. The expression for the interband conductivity normalized to Γ is
This is Eq.(A5) with the explicit algebraic function Y( µ, Ω, b, m, ǫ s ′ ) given by Eq.(A6) and not repeated here. Similarly for the Drude contribution conductivity equation (A7) applies which is
with H( µ, Ω, b, m, ǫ s ′ ) another explicit algebraic function given in Eq.(A8). The remaining double integral over k z and ρ needs to be done numerically. In Fig. 1 we present results for σ xx (T = 0, Ω) at T = 0 normalized to b in units of In both frames the solid black curve is the clean limit result of Ref. [11] can extend to large photon energies. However those for |k z | < ± b2 − 1 cannot be larger than
which occurs atk z = 0 (Fig. 2 solid red arrow) . The second singularity at Ω/b = 2.8 is due to the onset of the optical transition coming from the second branch of the dispersion curves which provides an optical gap of No optical transition with Ω < 2µ are now possible. In the region above Ω ∼ = 2µ the background rapidly recovers its clean limit value except for a small amount of broadening but this background is very different for finite m/b as compared with the m/b = 0 case as we have already discussed. We make one final point. At Ω = 0 the D.C. conductivity is significantly greater for the finite m/b case which will be taken up next. A recent study 40 of the longitudinal optical response of YbMnBi 2 has shown the two energy scales defined by distinct quasilinear absorption regions as in our theoretical curve and the Drude peak indicating a rather clean sample (narrow Drude) with finite dopping away from charge neutrality. The expressions for the dynamic optical conductivity at any temperature T and photon energy Ω are given in the Appendix. They are a generalization to include self energy effects in the work of reference 11 which was valid only in clean limit. The D.C. limit takes the form
for the intraband or Drude contribution (A1). The interband contribution is
with the carrier spectral density A(ǫ ss ′ , ω) defined in Eq. (A3) for the case of a constant scattering rate Γ. At charge neutrality the chemical potential µ is zero and Eq. (6) and (7) take on a particularly simple form. The sum of σ D plus σ IB denoted by σ DC add, at zero temperature, such that the factor
ss ′ drops out and we get,
It is convenient to introduce polar coordinates to treat k x , k y degrees of freedom and we get
The integration over ρ is elementary and yields,
where we have scaled out a factor of m andΓ = Γ/m b = b/m. Doing the sum over s ′ we get,
There is no analytic solution to the final integral overk z in Eq. (11) and we need to proceed numerically. This integral is a function ofΓ,b which we denote as N(Γ,b) with
and
For b = 0 we simply get two versions of decoupled gapped Dirac cones. In this limit
and hence
which for m = 0 gives the known result of Ref. [10] for Dirac cones namely σ DC (Ω = 0) = e 2 Γ 2π 2 2 vF which is proportional to the scattering rate Γ. When m = 0 and in fact m >> Γ we get the m = 0 value multiplied by a further factor of Γ/m. This reduces the value of the minimum conductivity below that of the ungapped case as expected.
A
DC (Ω = 0). We note that in that case,
and returning to Eq. (9) we obtain
In each of the two integrals over k z we can make a change of variable to k
The contribution of the lower limits to the integral will cancel and we pick up only the upper limit part which give π 2Γ twice and we get back Eq. (15) with m = 0, the known answer 6 for two isolated Dirac nodes. When both m and b are finite we need to return to Equs. (13) and (14) . In Fig. 4 we plot the D.C. conductivity σ DC in units of( (12) . In the Weyl phase, well away from the phase boundary atb = 1, all the curves shown become fairly constant i.e. the D.C. conductivity is pretty well independent of b as we have anticipated. As the value ofb decreases, the D.C. conductivity shows an increase and this is more pronounced the smaller the value ofΓ. Independent of the value ofΓ, σ DC has a maximum before the phase boundary is reached and the closer it is tob = 1 the smaller the value ofΓ. As the boundary is crossed into the gapped Dirac phase the conductivity drops towards a small value as compared to its magnitude forb → ∞ particularly whenΓ is itself small. As an example forΓ = 0.05 it has a value of ∼ 0.045 in units of e 2 m 2π 3 2 vF as compared with 0.168 atb = 4. The boundary between Weyl and gapped Dirac is better probed in transport in the limit when the scattering rate Γ is small as compared with the characteristic gap scale m.
In Fig. 5 we plot our results for the D.C. conductivity in a slightly different way. We return to Eq. (13) note that the function
can be simplified in the clean limit. ForΓ → 0 we can replace both Lorentzians in (19) by Dirac delta functions and note that forb > 1 in the Weyl phase the second integral will give zero while the first reduces to π ∞ 0 dxδ( √ x 2 + 1−b) which gives πb/ b2 − 1. This factor is related to the slope of the dispersion curves and is an effective Fermi velocity as we now illustrate. In Fig. 6 we show a schematic of the electronic dispersion curves. We consider k x = k y = 0 and plot the dispersion curve associated with the s ′ = −1 branch only. This is the branch which features the Weyl nodes forb > 1. In the figure we plot ǫ s ′ =−1 (k z )/m which we denote byǭ s ′ =−1 as a functionk z = k z /m. The height atk z = 0 of the dome isb − 1 while there is a node at ± b2 − 1 (solid black curve). Also shown as dashed red curves are the slopes out of the Weyl nodes which have the value b2 − 1/b. This is a critical factor in our model and shows that the effective Fermi velocity that is to be associated with the Weyl node is modified for the k z coordinate by a factor of b2 − 1/b so that the effective Fermi velocity gets smaller as the GDSM boundary is approached from the WSM side. The factor √ b 2 − m 2 is well known from the anomalous Hall effect which is given 4 by the universal quantized value e 2 h times the distance between the Weyl nodes. Here the related factor gives the important functionΓN(Γ,b) of Eq. (19) . This function is plotted in Fig. 5 . What is plotted is the D.C. conductivity normalized to Γ in units of e 2 2π 3 2 vF as a function ofb for the same six values ofΓ which were used in Fig. 4 . We see that forb 3 all curves have merged and there is no dependence in this region on the scattering rate Γ. Further aboveb 2 the dependence onb is very small and b has essentially dropped out as we know it must for large b. The peak in the D.C. conductivity near the phase boundary is greatly enhanced asΓ is reduced. In fact we have plotted in the same figure our analytic result for the limitΓ → 0 namely πb/ b2 − 1 as solid black curve which tracks well our numerical results. In this same limit the D.C. conductivity of Eq. (13) reduce
which we recognize as being the same as for an isolated Dirac node of Ref. (10) except that the Fermi velocity v F is to be replaced by its effective value v F b2 − 1/b (see Fig. 6 ). This provides a simple explanation of why the minimum D.C. conductivity increases as the phase boundary between WSM and GDSM is approached. Finally returning to Eq.(19) when b < 1 (GDSM) andΓ → 0 neither Dirac delta function can contribute and we get σ DC min = 0, as broadening is increased this region of course fills in (Fig. 5) . It is instructive to plot our results in yet another way. In Fig. 7 we present the D.C. conductivity in units of 
IV. LOWEST ORDER FINITE TEMPERATURE AND DOPING CORRECTION TO D.C. CONDUCTIVITY
Next we work out the lowest order correction to the D.C. conductivity for finite temperature and chemical potential µ away from the charge neutrality point, assuming T /Γ and µ/Γ to be much less than one. These quantities define the approach to the minimum conductivity of the previous section. To accomplish this we return to Eq.(A1) and (A4), take the limit Ω → 0 and introduce polar coordinates from (k x , k y ) variables to get,
. In the zero tempera-
∂ω is a Dirac delta function δ(ω) for µ = 0 and Eq. (20) reduces to Eq. (8) of the previous section. We are interested in the lowest order correction for finite T and/or µ when these energies are small as compared with the quasiparticle scattering rate Γ. For this purpose it is sufficient to expand the Lorentzians in Eq. (20) to the order ω 2 . After considerable but straightforward algebra we obtain,
with
The integral over ω in Eq. (21) can be done and gives
and to note that ǫ
The integration over ρ can be done analytically and as α 2 s ′ is independent of ρ, it is to be treated as a constant. All required integrals have the form,
Defining, (12)) and we recover Eq. (13) for the D.C. conductivity at zero temperature as we must. Here we are interested in the correction term for finite T and µ. We define,
with the new function
and its contribution to the D.C. conductivity σ DC (Γ,b) is
The ratio R =Γ 2 M(Γ,b)/N(Γ,b) is equal to 1 for independent ungapped Dirac nodes. We already saw in previous section that when m = 0 in our model, the quantity mΓ 2 N(Γ,b) becomes independent of b and is equal to πΓ. The quantity mΓ 4 M(Γ,b) can be written for m → 0 in the form,
We can change variable x + b to y in the first two terms and x − b to y in the second pair to get
Both integrals can be done analytically, the contribution from the lower limits cancel out and we are left with πΓ independent of b. Thus for m = 0 the ratio of interest R = 1. For finite m but b = 0 we again get an analytic result. For mΓ 2 N(Γ, b = 0) we had
So that in the gapped Dirac case the ratio R is not one but rather is given by
which goes like which is the same as forΓ 2 N(Γ,b) and hence we get exactly one. In this same limit , R = 0 in the GDSM phase and R is close to the solid black curve of Fig. 8 . As Γ increases out of the clean limit the magnitude of R gradually increases in the GDSM phase, the peaks at the phase boundary is reduced and moves further to the right (i.e. to larger values ofb in the WSM phase). AtΓ = 1.0 (dasheddouble dotted brown curve) deviations from R = 1 are now small for any value ofb. At largeb >> 1 we recover as we expect the gapless Dirac point node result which is again one. In the gapped Dirac state R can deviate strongly from one as we have shown analytically. The caseb = 0 is shown in the inset to Fig. 8 where we see that it rises quadratically as a function of Γ/m out of zero and has reached 7/8 byΓ = 1 as we expect from Eq.(33). 
V. FINITE PHOTON ENERGY APPROACH TO D.C. CONDUCTIVITY AT CHARGE NEUTRALITY
In the Appendix we provide a formula for the finite frequency optical conductivity at zero temperature after the integration over the intermediate frequency ω of Eq. (A1), for the intraband piece, and Eq. (A4) for the interband optical transitions has been done analytically. If we are only interested in the lowest order contribution for finite photon energy Ω, we can use the expansions given in Eq.(A9) and (A10) to get the lowest correction to σ xx (T = 0, Ω) which is quadratic in Ω to get
where all twiddle variables mean we have divided by the quasiparticle scattering rate. The total contribution to the conductivity is,
s ′ . As before the integration over ρ can be done analytically to get
which can be rewritten in terms of the band variables i.e.ā = a/m for any variable a to get
Note that in the case m = b = 0, δσ tot (T = 0, Ω) must reduce to the known result for a doubly degenerate Dirac point node. Our Eq. (38) reduces in this limit to,
which simplifies to 7 72
In Ref.
[10] the conductivity of a single Dirac node for m = 0 is given as the sum of the equations (34) and (35) and to the first correction for finite Ω equals our quoted result Eq. (40) ) which replaces v F . This identifies the mechanism for the increase in σ DC asb → 1. When Γ is increased to Γ/m = 0.4 however there remains little sign of two separate quasilinear regions and the conductivity has evolved towards its value in the m = b = 0 case with some minor quantitative but no qualitative differences.
When finite values of doping (chemical potential µ) are considered the main modifications to the conductivity arise in the range Ω < 2µ. The interband transitions are Pauli blocked and the optical spectral weight is transferred to the intraband transitions which manifest as a Drude peak. The region of reduced conductivity between Drude and remaining interband background provides information on the magnitude of the chemical potential µ as well as the magnitude of the scattering rate Γ. If Γ < m and 2µ is less than 2(b − m) clear signatures of finite m and b can remain in σ xx (T = 0, Ω) above the Pauli blocked region.
In the WSM phase the leading correction to the D.C. conductivity due to finite temperature T , dopping µ and photon frequency Ω are found to be quadratic in T /Γ, µ/Γ and Ω/Γ respectively. The coefficient of these quadratic laws normalized to the value of the D.C. limit are one for b/m > 1, and increase as b/m is reduced towards the WSM-GDSM boundary. These deviations from one are never large and 20%. In the GDSM phase they rapidly drop towards zero for Γ/m < 1 which is characteristic of a gapped state. For b = 0 we find the normalized coefficient for the T /Γ and/or µ/Γ dependence equal to 
Here ǫ s ′ = ρ 2 + k 2 z + m 2 + s ′ b
2
. We will also be interested in the small Ω limit of these functions. To
order Ω 4 we have, 
